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The Aggregate Behavior of Branch Points 
- Branch Point Density as a Characteristic 
of an Atmospheric Turbulence Simulator 

Denis "V. Oescha , Darryl J. Sancheza , Carolyn M. Tewksbury-Christlea, Patrick R. Kellya 

aStarfire Optical Range, Air Force Research Labs, Kirtland Air Force Base, New Mexico, USA 

ABSTRACT 

The Atmospheric 'Thrbulence Simulator used in testing in the Atmospheric Simulation and Adaptive-optic Lab
oratory Test-bed at Starfire Optical Range is configured hased on three characteristics: F\·ied's parameter, TO, 

the Rytov number, O'~, and the Greenwood Frequency, fa. All three may be estimated from open loop data 
as a means of verifying the simulated turbulence conditions for a given test configuration. However, unlike TO 

and fa, the Rytov number isn't directly calculated. Instead the scintillation index is estimated from intensity 
measurements. At low Rytov values, « 0.3 - 0.4), this measurement can approximate the Rytov number, how
ever beyond a Rytov of 0.4 this parameter becomes saturated. Branch Points begin to appear after the Rytov 
value exceeds 0.1. In this work the behavior of the branch point density is examined to determine its viability 
as another parameter for calibration our turbulence simulator. 

Keywords: branch points, density, atmosphere, turbulence, adaptive optics 

1. INTRODUCTION 

To calibrate our experimental conditions in the Atmospheric Simulation and Adaptive-optic Laboratory Testbed 
(ASALT) at Starfire Optical Range, it is standard practice to collect open loop data during experiments for each 
Atmospheric Turbulence Simulator (ATS)l configuration under which closed loop data is collected. This open 
loop data provides an indepcndent verification that the tcsts were conducted under the prescrihed conditions. 
Processing of this data provides measurements of Fried's parameter, TO, the Greenwood Frequency, fa, and the 
scintillation index. 

The scintillation index is approximately equivalent to the Rytov parameter for values of the Rytov < 0.3-0.4. 
It is well known from experimental data that at Rytov ~ 0.1 branch points begin to appear in the data. It was 
suggested that branch point density might be used as an alternative to the scintillation index for calibrating the 
configuration of the ATS. The purpose of this work was t.o examine t.he fi.mctional dependencies of t,he branch 
point density on other system parameters to determine it's m,e as a calibration parameter. 

2. BACKGROUND 

The ASALT laboratory is uniquely suited to studying the saturation regime, Rytov > 0.4. The laboratories 
have 3 full bench top adaptive optic systems each with its own ATS and multiple deformable mirror (DM) -
wavefront sensor (WFS) pairs, all operating at 1,55 pm, For this work the WFS was a temporal SRI with 256x256 
pixel resolution over a simulated 1.5 m aperture, The ATS consists of two 6 inch phase screens etched with a 
Kolmogorov structure function set in converging beam space providing for a range of turbulence conditions. By 
varying the position of each phase wheel along a rail provides a method for adjusting TO between roughly 4 and 
30 em while also varying Rytov from 0 up to roughly 2.4. Stepper motors control the rate of rotation of the 
phase wheels and allow for selectable Greenwood Frequencies, fa, The wheels are fitted with a hardware home 
that provides repeatability of turbulence conditions over multiple tests, To this standard ATS set-up an optical 
trombone was added between the low altitude phase wheel and the system pupil to provide for a variable free 
space propagation. 

Further author information: (Send correspondence to Denis \V Oesch) 
E-mail: denis.w.oesch@saic.com 
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The optical trombone allows partial decoupling of the ro and Rytov parameters. Thus providing a means 
of varying the distance to the turbulence layer and hence the Rytov parameter, while maintaining a constant 
turbulence strength. This made isolating the contrihutions to the dist.ribution of branch points seen in the 
pupil plane from turbulence strength and distance independently. Leading to an understanding of how the 
configuration of the pha~c wht. .. cls rclat~ to the mcasurcd branch point dcnsities. 

There has been significant work on branch points in atmospheric turlmlence and their impact on adaptive 
optics systems2- 13 and even one specifically on branch point density. lot However these hasn't been an experimental 
test of this type that we have found in the literature which allows for the isolation of the turbulence strength 
and the propagation distance as has been done in this work. 

3. PROBLEM FORMULATION 
The Rytov approximation forms the theoretical basis of adaptive optics. 15 'Vith this approximation and a 
Kolmogorov structure function, it has been shown 15,16 that four moments of the atmospheric structure function 
determine AO performance, the zeroth altitude moment, rll, the (5/6)th altitude moment, IT~, the (5/3)th 

altitude moment. Oil, and the (5/3)th velocity moment. fG. \Ve generate these parameters using our atmospheric 
turbulence simulator (ATS). 

Our ATS consists of two turbulence layers each with adjustable strengths and altitudes. In its standard 
configuration, ro and IT~ are coupled because both are functions of ATS phase wheel position (and phase wheel 
position Fresnel scales to altitude). To partially mitigate the coupling of these parameters, an optical trombone 
was added in collimated space after the second (low altitude) phase wheel. This allows for an increase in 
propagation distance without changing the atmospheric structure function and this allows variation of ai without 
changing ro, i.e. the altit.ude of the phase licreenli ran be diliplared by I::!.L cansing zlow - zlow + I::!.L and 
Zhigh - Zhigh + I::!.L. So, with e~Jo\\' and en.high denoting the low and high altitude structure functions, 
respectively. Then, 

e;(Z) = e~,low(z)8(z - zlow) + e~.high(z)J(z - Zhigh) 

which causes the no trombone version of the Rytov parameter. 

to go to 

{ a~} with trombone 

a~ = o.291k~/61L e;(z)hz)5/6 dz 

= O.291k~/6 ft .. ~L e~(z)(l'z)5/6dz 
= O.291k~/6 (e~.low(zlow)h(Zlow + I::!.L»5/6 + e,:, high (Zhigh) (")'(zhigh + I::!.L)5/6) 

=1= {o~} no trombone 

but the no trombone version of the Fried parameter, 

goes to 

( 

L ) -3/5 

rll = 0.423k51 e;(z)dz 

( 
') L+~L ') ) -3/5 

{ro} with trombone = 0.423kii III c~ (z) d Z 

= (0,423ka (e~,low(Zlow) + e~.high (Zhigh»)) -3/5 

= {ro} no trombone 

(1) 

(2) 

(3) 

where I' = 1 for a plane wave, ko the wave number. L either the distance to the guide star or the top of 
the atmosphere, and e~ the atmospheric structure function. This is equivalent to the electromagnetic field 
encountering turbulence followed by a free space propagation of variable length. The separation of the turbulence 
layer and the pupil can be adjusted which changes the Rytov parameter and, in-turn. alters the number of branch 
points in the pupil. 
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3.1 Definition of a Branch Point 
A branch point is a zero of an analytic function. Following Fried,3.8Ict W(;1:,1}) be the scalar function representing 
!UI optical field and let ll(x, y) and v(x, y) be the real and imaginary parts of that function, respectively, then 

W(X.y) = u(x,y) + iv(x,y). 

where the amplitude, A(x,y), and phase, tP(x.y), of this field will be given by 

A(x, y) = J1l2 (x, y) + v2 (x, y) 

and 
o(x. y) = ar!l( w(x, y» + 211"1i. 

\\There Ii = Ii(X, y) are two-dimensional step functions of height 211". 

From the theory of analytic functions. a branch point at (xp, Yp) is equivalent to both 

11I(X1" Yl') = 0 

and 

I - - I I dl' . V ~(x ,Y ) = ±211" 
. e' 

(4) 

(5) 

(6) 

(7) 

(8) 

for C' a closed curve encircling the one branch point at (:1:1" yp). and V <I> the gradient operator acting on ¢. Also, 

for discussional clarity. we call si!ln (.t~, dti . V o(x', y') = ±211") the polarity of the branch point. 

3.2 Identification of a Branch Point's Position and Polarity in Experimental Data 

Experimentally, the analytic function is sampled, such that the measurement is an average over a detector pixel. 
Therefore, the theoretical expressionl> given in EquatiOlls 7 and 8 lIIl1st be lIIodified slIch that given a branch 
point at (xP,yp) and pixels centered at PA := (XA,YA), Po:= (XA + ~X'YA)' Pe:= (XA + ~X,YA - ~Y), and 
PD := (XA.YA - ~Y) such that XA < xp < XA + ~X and YA < Yp < YA + ~y then 

(9) 

where Wm is the measured value of the scalar function, w(xp, yp). Hence, an experimental measurement of the 
zero crossings of w(x, y) cannot be used to determine the location of branch points. On the other hand, the 
circulation in phase given by the integral in Equation 8, fe' dti· V'i'>(x', y'). when sampled, goes to 

(¢(PB) - ¢(PA » + (o(PD) - ¢(PB» + (¢(Pc) - o(PD» + (o(~·d - ¢(Pe» (10) 

with the contour C' given by 
(11) 

(see Figure 1). Equation 10 still measures the ±211" circulation in phase indicative of branch points, and hence, 
this ~xprt>ssion is us~c! to finc! branch points in ~xp~rimental data. To implement this, W~ sllm the gradi~nts of 
the phase around a closed loop in the 211" modulo phase, with a11loop5 chosen to be elementary circulations. i.e. 
a 2x2 region of the 211" modulo phase was used for each loop. If the sum of the phase gradients is ±211". an odd 
number of branch points exists within the loop. We assllme that there is only one branch point within the loop. 
We then assign the location of the branch point as the intersection of the four pixels with its polarity given by 
the sign of the circulation. This is a standard technique for isolating branch points from phase data.3 

4. BRANCH POINT DENSITY 

The density of the branch points should increase with propagation distance and provide additional information 
in characterizing the profile of the atmospheric turbulence. To determine the relative influence of the distance 
and strength of the turbulence, open loop data was compiled with the temporal SRI. The data collected from 
this camera was processed for branch point density in a range of configurations. 
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4.1 Data and M et hod ology 

For these test sequences. a single phase wheel was lLscd in conj unction with the optica l trombone described in 
Section ?? In each data 1"I111. the sne!lglh of the llIrbu lcnce is maintained while the distallce to the turbulence 
layer is increased. This increasc takcs thc form of clCVCIl evenly spliced steps O\'cr a roughly 0 km range, providing 
a tesL rcgiou from 0 - 15 kill. This incicpeudclltiy varies the Ryto\' paWllleLCr from 0 - 1.2 as shown in Figmc 2. 
I3ct\\'ecn each data rtl1l. thc 1mbulence strength. which in our test-bed is equivHlell! to varying 1"0, is modified. 
In t his \\"ar. e]e\'cn values of atmosphcric strength were ill!elTogfHed. ranging from (i.52 to W.(iO cm. Sec Table \. 
For each trombone position and turbulence strength t he phase wlwcl was rotat ed at a COILSUlIll speed for 200 
frames. Data was collected for each configuration producing 200 - 256x256 illlH).;es of the phase for each of 121 
turimlcnce COlL<litioIlS. 

Fig ure I. S ample 2 .. IIW(/ IIIQ phase wah cnlargel! 11(,,-I;on showmg (HI eIample of a ll elem entary Cll"Cll ltlt iOll. 

"0-----------------------, 
- 166em 
_ 144 cm 

" -1 2 ~ cm 

- 11 6cm 
- I0 g em 
-- 103cm 

- 9 7 em 
- 88em 
- 83em 
- 7 3em 
- 65cm 

" 
",m 

P'o~ay.to Q n OISUnce (m) 

Figure 2. Theoretical Rytot, valucs f or lit e sl1Iyle p}w.se lI'heci test collfiyu mtlOlIS a.s dIsplayed in Trible 1. Each CUllie ,s 
' "C. pT"Cselltalive of tile predictcd /tylov mwtl",,· Jor' a serie.~ of Irvmb<J'l c lifl-," IIIOIiS. 0 ~ 50 1; '11 throuyh " collstallt turbulence 
.\· /I "C. llylh. Here rCliresellted as " Wllslfllll 1'0 11 ;1 indica/cd III lit e kYf.lul . Ali VII/lies (lit! COlllputf'..d fm' II .~i1l/1I/(!tC(1 1.5 ",etcr 
aIJe rllll'e . 
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4.2 Measured D ens ity 

The dCllsit.y of the hnmch poillts i" en"il), ca\culHteJ hy ~ illlply i.lpplyiug thc tcdllliqucs ill Sedioll 3.2 to fi lld the 
branch points, then averaging the mllllber of branch points over all frame;; collected and dividing by the area of 
the aperture. This is done fo r each of the 121 COnfiS1.1ratioTls given in Table I. For each of the dat a sets, Figure 3 
plOlS branch point dellSity along the vertica l axis versus propagation distance on the horizontal axis. Each curve 
rcpr('_~ents a different turb\111'1]("(' s trengt.h n.("not('o h~· t.ht~ legpnd. Via Eqllntion .1. turhulence s t.r c ngt.ll is given 

Branch ?O lnt Densrty 
>Xl 

--16 6 cm 
__ lJ 4 cm 

250 __ 124 cm 

--11 .Scm 
--10.9 em 

200 --103em 
-9.7cm 

:§: 

~ 
-- S 6 em 

'" 
"0 - S3em 

-7.3cm 
- - 65em 

'''' ~ /: -50 . . 
:;:;i/ . 

0 
0 5IllJ ,= '5IllJ 

P'o p~g~\l on Drst~nca (m) 

F igure 3. Brunch point dcnsity jrom single phase whecl datil fm· selected tl,riwience .~tl"engths . Fin ('.nch curve, Ihe tu ,·bllience 
strength, given by 1·0 . is held constrml while the propagation distance is vnricr! rrsillg the optical trombone. Raw brunch 
point density vs propa9atioll dis/aile.£:. 

as ro in centimeters in ontput space assuming a 1.5m pupil. 

As can be seen, the b ra ltch point density increflses with propngmjon d istance. I t also increases with turbulence 
strength . Of the two, there is 11 stronger dependence on (,llrbulence st.rength t.han propagation distance. 

4.3 Transforming: by Zo 

The cul" \'cs presented in Figure 3 appear to shift to t.he left as the strength of the turbu lence increases. Implying 
that there may be SOllle millilllUlll distance, ::o under which branch points sim ply won 't forlll rot· a given turbulence 

ATS Co"t!);u"'!ion '1\" ",Ienee on, ilion, 

:.; 'u" "lr T'rom one e ' os ition 1'\\ '" 'ro pagalion " " ocily 
En,cmhl" 0; L"", Po, i,i"" ( low. hi gh ) (low. l1il':l1 ) R"HI':C ( low, l1il':h ) '" 0; 

Set # H",~lizal;on " S" (c.Ill) c,u j' (1"0""',) (kon ) (", Is) (em) 
; ~O() , 

~~)::> : 5~t (106 .J , 55.~l ) ~.~ ( O,O·!j ,·1 ( 11 75. ~l 16,6 0,00 O.IS , 200 , {O:5:50} (105.5.55.5 ) (3.0) 1.5_9,8 ( 10,22.0) 1 ~ .4 O.O~ - (j ,2 ::! 
3 ''''' , {0:5;"Oj (10~.5, 55.5 ) (3.0) 2.8_1 1.1 (8 .79,0) 12 ,4 0.10 _ 0.32 , 'm, , {0:5 :50) (10~.O, 5,. ,5) ( :1 , 0 ) :1.:I_t 1.7 (8 .22.0) 1] ,Ii O.IJ - 0 ,37 , "ill , {O::>:50j (lO3.5, :>:> .5) (3.0) :1.8 ·t2,1 (7.71. 0) 10,9 0.16 _ 0 .42 , '00 , {O:5:50j ( 103.0.55.5) (3. 0) ·1.2_12.13 (7.27,0) Hl,3 O.llI _ 0 .48 , "ill , {0:5:50j ( 102.5, ,.5 .. , ) (:1.0) .J.6_12,\) (6.87,0) 9 ,7 0.23 - 0.5·1 

" 200 , (0:5:50) (101.5, :>:>.5 ) (J .O) S.2_1:U (6.20.0) 58 0 ,30 _ 0.67 
0 200 , {0:5;50) (101.0,55.5) (3 . 0 ) 5 ,·1_13.8 (5 .91 .0) 8 ,3 0.34 - 0.73 
W ~OO , (0::> ;50) (99.:>.:>:>.:» (3.0) 6 . 1_1 ·1.'1 (5.18,0) 7,3 0.'16 - 0.95 

" 200 , }0:5:50) (98.0.55.5 ) (3.0) 6.6_15.0 (.1.61. 0) 6.5 0 ,60 - 1.19 . , . Table I. TtH bultrlce pammders used for meaSU1l:rtwnt of bm11ch POl1lt denSity IIwl separulwll. For each E1lsemb/e sel, 200 
frames oj data was collected for each of 11 posili01ls of Ihe optical trombone, mn9i1l9 ill ,'i em illc1"Cmcnts from n to 50 em . 
This corresponds /0 mllgcs of propagation dis/antes and Rytov /)(Inmlciers jor CIlcil Ensemble. 



Htt't.:llgth. From cxperiltlClItHi results, the fi l":;1 braudl poillts form wltcil a;::;:: n.!. Evaluating- Equat ion 2, for a 
single turbulence layer produces the relationship 

2 _ 0 · 631 (6.8S)k - 5 / 6 -~'i :I~::' 16 
(\ _ .n 2.01 0 ro ~o · 

Scttiug n~ = O.lllnd soh'iug: fo r z. allows Efluutioll 12 10 be transfo rmed inlo illl equi valcn1 distance, =0 

':0 = O.O .1 .18kor~. 

(12) 

(13) 

which can be cOlisidercd t he theoreticnl \ ";I!UC at which branch poims begi n to nppear. Theil Eqnation 13 can 
he used to calculntc Zo for the 11 turblll(!llcC cases. Then the 11ropagntion distaut'c is shift ed hy zo o To sec the 
magnitude of this effect, t he dnta in Figure:i is replon cd in Figure ·\ with the plot 's dom ain recast int o:; - zo o 

BranCh P~lnl Oen5,ly 

-166cm 
___ U4 cm - -12~ em 

50 

~ 
- - ((6cm 

-109~m 

- 103cm 
- 9 7 cm 
-- S8em 

/': L- -- B3cm 
-- 73cm 

r'l: - 65cm 

(;t:f 
0 

#'.? 

I :f 150 

100 

·5001 o 51XD 1("" '5001 

Figure .t. Brandl poml density jlum single phase H.-heel data jor se/cct(!(/ttll"buicncc stri'ligths. For each Cl.wve. the turbulence 
strength. givell by ro, is Jield cOlis/alit lI ."llIle Ihe propagation distarl ce /$ I:aried tlsillg the op/icaltramoollc. Brancll point 
Iiellsi ty tiS !!rol)(lgat ioli dis/oll ce with PUI' ploltcd ucrs!l s sen /ai prapugrJ/WIi distance (:; - :;0)· 

This form clearly demonstrates that. branch poim denSity has 11 stronger dependence on t\ll"bulence strength 
than propagation distance. 

4 .4 N ormalizing by '''0 

T he iso-ro density curves appear to have (l regular sepa ration. Through ex perimentation. we haw fo und that 
multiplication of the density b.,' r6 1

/
3 yields an ilJtC!rcst illg restlll when plotted agaillst the tnmsformed propa

gation distaIlCC!. see figure 5. The variatiOn in atmospheric streugth het.Kccll the dellsity curves is accollnted 
for by this fU IlCLion of 1"0. 'I' ll(! COlllbi1liHiOIl of the I.l"nllsformat.iou of the propagfllion distance by 20 ami the 
lLormalizmioll by t he fUllctioll r6 1

/
3 appenrs to hm'C collapsed th!! d;\fa into predolilinately a single curve. The 

rcsults depicted in Figurc 5 c!cmonst nlfc that the brandl point dist riuution is dependent Oil the strength of 
the turbulence and the disUltlCe of propagation with tlO other fll ctors playing iI strong role. T his implies that 
the density is a predictable pammNcr of t be at.mospheric tltrbulellC"e and should be reducnhle to a functional 
relatiollship sil Llilar to the ot.her parHlIIPl Crs used ill (Ilw tlt.ifying 1It.111o!;pheric conditions . 

At higher turbulcncc strengths and greater propagn!ion distances the dellsi!y deviates fro m the dOlllinf1.tc 
trend suggesting B sat uration effect at work in the branch point distribution . That the saturation effects nppear 
wc ll beJO\\' the maximuill density thllt the wrs could theoreticall.,· measure (roughly 6000pls /m2) indiclltcs that 
t.his is sollie self imposed collst r,lim within the tmlmlem;c. 
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,1.5 Empirical A lgebraic Form for Bra nch P o int D e ns ity 

With such a well defined curve il is possible to lise this infonnutioll to build an empirical formula for the branch 
point density as a function of TO and propagation distancc, ::: . T hc "oluc of P U P r~I /3 appears to only be a 

function of the propagation distance beyond the branch point threshold. :::0. Examining the cun'e PUI' r~ 1/3 

\'crsus Z - ::0 in log· log space revcols a fttnctioual forll! proportional to Z II / 6. 

Incorporating this dependence into IIIl empirical relationship yields 

Branch Poir.1 Oe~stt y limes r~l ll 

oror---------------,,----, 
0016 

0016 

0.014 

E 0,012 

~ 0.01 -_0 

ow; 

o Ill< 
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~ >ex," "''" PropagaHon Orslance beyond ltueshold (m) 
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--144 em 
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---- 116 em 
---- 109 em 

103 em 
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-- SSem 
-- B3cm 
--7 3 em 
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Figure 5. Bmnch PQinl density from s ingle phase whul data for sclectcd Illrb tlience stre1lgtils . For each CIH'VC, the turbulence 
strength, gIVen by ro o is held COlls tant u:hile Ih e propagatiall distanCi! is varied Ils illg tltc optIcal trombonc. Bmnch IJQint 
density vs propagation distan ce wilh PIJI' llOl"1na/i~ed by r~ L /3 plotted IIcrSilS sealc(l ProlHigotioll dist(lJlce (~- ::0) 
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_ C k- 5 / 6 -ll/:I~-l{.,. )11/6 
PUP,,",. - PO rO "'0 ~ - Zo (14) 

with ko the wave 1Iumber and Cp as a scaling c01lstant. Also, an additional ':;0 term was added to account for 
scaling and balancing the units between the left and right hand sides of the equation. 

This function is over-plotted on the measured branch point densities for the data sets from Table 1 in Figure 7. 
Cp in Equation 14 is set to 0.7,17, which was c\eterminr.d through a opt.imizat.ion algorithm t.o fit r.ach curve using 
a least squares style norm and then optimizing the result across all of the curves simultaneously. Interestingly, 
this experimentally derived constant for Cp is almost exactly the inverse of the constant in the Rytov equation, 
0.5631{2.88/2.91), or 0.7511. In Figure 7 each subplot displays the density versus propagation distance. The 
turbulence strength increases from left to right and from top to bottom. The branch point densities for each 
configuration are plotted against the unscaled propagation distance in blue. The green curve represents what is 
predicted from Equation 14. The red circles indicate points where the Rytov value was above 004. As can be seen, 
for lT~ < 0.4, Equation 14 gives reasonable results. However, above lT~ ~ 0.4, it fails and this is approximately 
where Sasiela15 notes that the Rytov approximation fails mathematically. 

5. DISCUSSION 

The inclusion of the optical trombone to the standard ATS configuration provided a useful tool for the examina
tion of the behavior of branch points within the turbulence generated by the simulator. The experiment provided 
significant data into the hehavior of hranch points within the ASALT lab optical systems and has helped spawn 
a new thread of research within the labs regarding the aggregate behavior of branch points in our experiments. 
This work is being continued along several avenues and will be the material for a number of future papers already 
in progress. 

Unfortunately, for the original purpose of this research, the discovery of saturation in the branch point 
density limits the use of this parameter as a means of verifying the simulated turbulence from open loop data. 
Further, that the saturation begins to separate the measured densities from the empirically derived equation at 
the same Rytov value, ~ 004, that the scintillation index fails, the branch point density alone offers no additional 
calibration of the ATS than scintillation measurements already provide. 

Finally the work here is valid only for a single turbulence layer modeled in the ASALT laboratory. Further 
work is necessary to determine the validity of these predictions in n larger scope. 
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